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Our story so far ...

K is a local field of characteristic p > 2. Hence K = k((t)), with k = Fa
for some d > 1.
Let K[p] be the maximal Galois extension of K whose Galois group is a
pro-p group.
Then Gal(K[p]/K) is a free pro-p group.
Let K(p)/K be the largest Galois subextension of K[p]|/K such that

e Gal(K(p)/K) has nilpotence class 2.

e Gal(K(p)/K) has exponent p.

The goal is to give a description of the ramification filtration of
Gal(K(p)/K).



Generators for Gal(K|[p]/K)

Let K(p)??/K be the maximal abelian subextension of K(p)/K; then
K(p)?®/K is the maximal elementary abelian subextension of K[p]/K.

By class field theory we have
Gal(K(p)™/K) = K* /(K*)P.

Thus Gal(K[p]/K) is free pro-p on the module K* /(K*)P. In other words,
the free pro-p group Gal(K[p]/K) is determined up to isomorphism by the
condition that its maximal elementary abelian quotient is K* /(K*)P.



Free Lie algebras

Definition

Let V' be a vector space over IF,,. A free Lie algebra on V' consists of a Lie
algebra F over [F, and a one-to-one linear map i : V' — F which satisfy
the following universal property: Let A be a Lie algebra over FF, and let

T : V — A be a linear map. Then there is a unique Lie algebra

homomorphism T:F— Asuchthat T=Toi.
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A quotient of a free Lie algebra

Let £ be a free F,-Lie algebra on K> /(K*)P. Let T be the ideal in £
generated by 3rd commutators, and set £ = L/Z.

Then L is a Lie algebra over F,, which is nilpotent of class 2. Hence the
Baker-Campbell-Hausdorff formula defines a group operation * on L,
which is given by

xxy=x+y+5-[xyl

We get a filtered pro-unipotent group G over F,, such that (£, *) = G(F}).

Local class field theory induces an isomorphism between
L/[L, L] = K*/(K*)P and Gal(K(p)?*/K). It follows from the universal
properties of Gal(K(p)/K) and L that

(L, %) = Gal(K(p)/K).

Abrashkin gives a filtration on £ which maps to the upper ramification
filtration of Gal(K(p)/K) under this isomorphism.



Schmid's isomorphism

Recall that K = k((t)). For k € K* define ¢, : K — F,, by

Yi(c) = Triyp, (Reso (c?)) ,

R (t)
k(t)

and Resgy denotes the residue of the differential form at t = 0.

where

d
P dlogk = dt
K

Then 1), is a homomorphism such that p(K) C ker,, where
©(x) = xP — x is the Artin-Schreier operator.

Furthermore, if A € K> then ¥\ = 1s.

The map k — 1, induces an isomorphism

K™ /(K*)P = Homg, (K/p(K),Fp).



An explicit description of (K* /(K*)P) @, k

Set Z*(p) ={ac€Z:a>1, pta}andlet ag € k with Try r (o) = 1.
Then

K/p(K ( P ke )@Fpao.
acZ*(p)

(In fact the right side is a complement of p(K) in (K, +).)

It follows using Schmid's isomorphism that

(K*/(K*)P) ®F, k = Homg,(K/p(K),Fp) ®F, k
= Homp, (K/p(K), k)

= ( [[ Homg,(kt2, k)) x Homp, (Fpao, k).



Generators for (K™ /(K*)P) ®F, k

Recall that k = F 4. For a € Z"(p) and n € Z/dZ define

D,,n € Homp, (kt=2, k) by D, p(rt=2) = rP". Then D,p,...,Dsq-1 is a
k-basis for Homp, (kt =2, k).

In addition, define Do , : Fpoig — k by Do o(rag) = rP". Then each Do,n
generates the k-vector space Homp, (IFpa0, k).

Extend D, to Homp, (K /p(K), k) by setting D, n(rt=?) =0 for r € k
and b # a. Then

S={Dsn:a€Z"(p), n€Z/dZ} U{Dgo}
is a topological basis for
Homp, (K/p(K), k) = (K™ /(K*)?) @E, k.

Therefore S is a topological generating set for the k-Lie algebra
Ly=L ®]Fp k.

It follows that L is generated as a topological vector space over k by

SUIS, S].



Generators for K(p)/K

Let G be the pro-algebraic group over I, given by the operation * on L.
Then

G(Fp) = (£, ) = Gal(K(p)/K).
Set Zg (p) = Z*(p) U {0} and define e € G(K) = L&, K by

e= Z tiaDap.

acZg (p)

Let x € G(K*%P) = L&, K satisfy ¢(x) = e x. The coordinates of x
generate a Galois extension E/K, and there is a homomorphism
0 : Gal(K(p)/K) — (L, *) which factors through Gal(E/K).

Recall that K(p)?/K is the maximal elementary abelian p-extension of K.
By the choice of e, 6, induces an isomorphism from Gal(K(p)??/K) onto
L/[L,L].

It follows from the universal properties of Gal(K(p)/K) and L that 0y is
an isomorphism, and E = K(p). Therefore

Gal(K(p)/K) = (L, *).



Generators for K(p)/K ...

We have K C K(p)?® C K(p), with K(p)?*/K and K(p)/K(p)?®
elementary abelian p-extensions.

Hence K(p)?*/K and K(p)/K(p)?" can be described in terms of
Artin-Schreier theory.

Example

Suppose k = F,. For a € Zd (p) let x, € K*P be a root of the
Artin-Schreier polynomial XP — X — t=2. Then K(p)® is generated over
K by {x,:a€Z(p)}

For a, b € Z{ (p) with a < b let Ya,b be a root of
XP— X — 3(t7%x — t70x,).
Then K(p) is generated over K(p)2? by

{yap:a,be ZS‘(p), a < b}.




Heisenberg subextensions of K(p)/K

Assume once again that k = F,. Let a, b € ZJ (p) with a < b and set
E.» = K(Xa, Xb, ¥ap). Then E; /K is a Galois extension whose Galois
group is the Heisenberg group of order p3. Hence K(p) is a compositum
of Heisenberg extensions of K.

Let 7, be the ideal in £ generated by the set

{Dco:c€Z§(p), c+#a, c#b}.

Set L =L/Z,p and G = Gal(E, »/K). Then G = (L, x).

The only generators of Gal(K(p)/K) = (L, *) which act nontrivially on
Esp are Dy anﬁ Db& Denﬁote their images in G by Ea,o,ﬁbp. Then L is
the Fp-span of D, g, Dp 0, [Da0, Db ol



Generators for ramification ideals

Let o € Q with o > 0 and let N > 0.
If « & Z set
a
]:a,N = Z El : [D31,07 Dag,m]a

a=aj+ap~ "

0<m<N
while if o € Z set

a
Fan =0 Dap+ Z ?1 ) [D81,07 D327m]'

a=ai+ap ™

0<m<N

In both sums we require a1, a2 € Zg (p).
Since D, € Lk = L ®r, k we have F y € L.
Note that if pNa & Z then Fan=0.



Some examples

Example
Llet =2+ pLand N> 1. Then

a=2+1-pt=1+(p+1)p =0+ (2p+1)p!

Fan =3 [D2o,D11] + % - [Dro, Dpy11] + 2 - [Doo, Dopi1,1]
= [D20, D1 1] + & - [D10, Dp+11]-

Example
Let o =2 and N =1. Then
a=0+2-p%=141-p%=2+40-p%=2+4+0.-p7!
Fan=2-Doo+ 3 [Dog,Dap] + 3 - [Dro, Dio] + 3 - [Da0, Do
+ 2 [D2,0, Do 1]
=2-Doo+ [D20, Doo] + [D2,0, Do1]-




The ramification filtration

For v € QT let Li[v] be the Lie ideal in L, generated by
{Fan:a>v, N>0}.

Let £(v) be the smallest F,-subspace of L such that Lx[v] C L(v) ®F, k.
Then L(v) is an ideal in L.

Let £ be the ideal in £ that corresponds to the vth upper ramification
subgroup of Gal(K(p)/K) under the isomorphism Gal(K(p)/K) = (L, *).
Theorem (Abrashkin)

For every v € Q1 we have LY = L(v).




A Heisenberg extension
Let p > 2 and set K =TF,((t)); then k =F,. Let 0 < a < b with pt a,
p1b.

Consider the Heisenberg extension E, /K that we constructed earlier:
E, » = K(Xa, Xb, Ya,p), Where
xP—x,=1t""°
Xg —Xp =1
P S __+—b
Yab ~ Yab = 2(t Xp—t Xa)~
Then E, /K is the subextension of K(p)/K which corresponds to the

ideal Z,, C L. Set G = Gal(E;p/K). Then G = (L, %), where
L=L/T,p.

The only generators of Gal(K(p)/K) = (L, ) which act nontrivially on
E,p are Do and Dy, o. Denote their images in G by Ea,0,5b70-

For « € QF, N >0 let F, y denote the image of F, n in L. Then the
only values of « for which F, ny # 0 are a,b,a+ b,a+ bp~™ b+ ap™™
with1 < m<N.



A Heisenberg extension . ..
For all N > 0 we get
Fan=a-Dap
Fbn=0b-Dpo
Faibn =2 [Dao, Dol + 2 - [Dpo, Dap] = 3(a—b) - [Dap, Dsyol.
For N> m > 1 we get

‘Fa-l—bp*’",N = % : [Ea,Oabb,m] = % : [5370,5b,o]

Forap-mN = 2 [Dp0,Dam]. = =2 - [Dao, Dpyo).
If a=£ b (mod p) then Za+b is the IFp-span of F ., p0, and Za+b+6 = {0}.
p b
If a=b (mod p) then Zbﬂpil is the IF,-span of Fp, ,,-11, and
I P +ap1,
£ = (o).

In both cases, £° /L, Zb/ZbJr6 have order p and are spanned by F,,
Fp. It follows that E, /K has upper ramification breaks a, b, a + b if
a# b (mod p), and a,b, b+ ap~tif a= b (mod p).



Another Heisenberg extension

Let p > 2 and set K = IF2((t)); thus k = F.. Let a > 0 with p{ a and
let ¢ € FZQ satisfy c? = —c.

Consider the Heisenberg extension E/K defined by E = K(x1, x2, x3),
where x{ —x1 =t7%, x§ —xp =ct? and x§ — x3 = %(t*3x2 — ct™x).
There is an ideal J C L which corresponds to the subextension E/K of

K(p)/K. Setting L = L/J We get Gal(E/K) = (L, *).

Similar to the previous example, we find that D, o, D, 1 are the only

generators of Gal(K(p)/K) = (L, *) whose images D, 0, D, 1 in
L = Z®Fp k are nontrivial.

Let Fa,n denote the image of F, n in Li. The only values of « for which
Fan #0area,a+ap™ ™ with m>1 odd. We find that
?a,N = a~5370 for N >0
Fatap-mN =3 [Dap,Daz1] for 1< m<N.

Hence Ly[v] = Ly for 0 < v < a, L[v] =F 2 - [Dap, Da1] for
a<v<a+apl and Li[v] ={0} fora+apt<v.



Another Heisenberg extension ...

Define homomorphisms ¢ : K/p(K) = Fp, ¥ : K/p(K) — ), by setting

by — 0 (b # a)
)= {TrFPQ/F,,m (b=2)

by — 0 (b # a)
v = {Trypz/wp(cr) (b=2)

for r € F2 and b € Zg (p).

Then o, ¢ € L induce elements ¢, of £ such that D,
a 1= 2¢ ¢

It follows that £ = L(v) =L for 0 < v < a, L = L(v) = (¢,¢) for
a<v<a+apltandL =L(v)={0}foratapt<v.

+35:0 2
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Thus a is an upper ramification break of E/K with multiplicity 2, and
a+ap~!is an upper ramification break of E/K with multiplicity 1.

nd



A bigger extension
Set K = F5((t)), so that k = F5. Consider the extension E/K defined by
E = K(x1, x2, X3, Xa, X5, X ), Where
xf —x =t
x25 —xp=1t"2
XP? —x3=1t""3
xp —xa = 3(t71x — t72x)
x55 — X5 = %(t_1X3 —t73x)
xg — Xg = %(t_2X3 —t73x).
Similar to the previous examples, we find that E/K is the subextension of
K(p)/K corresponding to an ideal J C L.

Then the Lie algebra £ = L/J is generated by 5170,5270,5370.

Let 7Q,N denote the image of F, y in G. The only values of a € QT with
Fan #0are

1,2,3,4,5,142-57" 143.5"™,241.57" 243.57",341.567™ 342.57".



A bigger extension ...
The corresponding ramification ideal generators are
Fin=Dig
Fon = Dag
Fan = D3+ %[51,0752,0] + %[52,0,51,0] = D3, — 2[D1,0, D2]
Fan = 2[D1,0, D3] + 2[D3,0, D1,0] = —[D1,0, D3,0]
Fs,n = 3[D2,0, D30] + 3[D3,0, D2,0] = 2[D2,0. D3,0]
for all N > 0, and
Fii25-mn = 2[D1,0, D2y
Fi43.5-mn = 3[D10, D3]
Foi15-mn = 3[Day0, D1o] = —[D1,0, D2,o]
Foi35-mn = 3[Da0, D3,0] = [Da,0, D3]
Fsi15-mn = 3[Ds0, D1o] = [D1,0, D30
F3125-mn = 3[Ds,0, Da,o] = [D2,0, D3]

for1<m<N.



A bigger extension ... ...

Hence the ramification ideals are

L (v<1)
([D2,0, D3], [D1,0, D3], [D1,0, D20}, D3,0, D2p) (1 <v<2)
([D2,0, D3,0], [D1,0, D3,0], [D1,0, D2,0), D3,0) (2<v<2]

L’ =< ([D2,0, D30, [D1,0, D3], D30 + L[D10. Dag]) (2% <v <3)
([D2,0, D3,0], [D1,0, D3,0]) B<v<4)
([D2,0, D30]) (4<v<5h)
(0) (5 < v).

It follows that the ramification breaks of E/K are 1,2,2%,3,4,5.



References

[Ab95] V. A. Abrashkin, A ramification filtration of the Galois group of a
local field, Tr. St-Peterbg. Mat. Obshch., vol. 3, St. Petersburg State
University Publishing House, St. Petersburg 1995, 47-127; English transl.
in Proceedings of the St. Petersburg Mathematical Society, vol. Ill, Amer.
Math. Soc. Transl. Ser. 2, vol. 166, Amer. Math. Soc., Providence, RI
1995, pp. 35-100.

[Ab21] V. A. Abrashkin, Ramification filtration via deformations, Mat. Sb.
212 (2021), 3-37; translation in Sb. Math. 212 (2021), 135-169.



